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Abstract: As known all physical properties of solids are described well by the system of 
quantum linear harmonic oscillators. It is shown in the present paper that the system consisting 
of classical linear harmonic oscillators having temperature dependent masses and/or frequencies 
has the same partition function as the system consisting of quantum linear harmonic oscillators 
having temperature independent masses and frequencies while the means of the square 
displacements of the positions of the oscillators from their mean positions for the system 
consisting of classical linear harmonic oscillators having: the temperature dependent masses; 
temperature dependent frequencies;  and temperature dependent masses and frequencies differ 
from each other and from that of the system consisting of quantum linear harmonic oscillators, 
and hence, the system consisting of classical linear harmonic oscillators describes well the 
thermodynamic properties of the system consisting of quantum linear harmonic oscillators and 
solids. 
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1. Introduction 
 
    The physical properties of solids are described well by the system consisting of quantum 
linear harmonic oscillators [1]. If the frequency spectrum of the system of linear harmonic 
oscillators is known then all thermodynamic properties of the system can be defined [1, 2]. 
Usually the Debye and Einstein spectra are used [1-5]. 
   We show in the present paper that the system consisting of independent classical linear 
harmonic oscillators having temperature dependent masses or (and) frequencies has the same 
partition function as the system consisting of independent quantum linear harmonic oscillators 
having temperature independent masses and frequencies while the means of the square 
displacements of the positions of the oscillators from their mean positions of the system 
consisting of classical linear harmonic oscillators having: the temperature dependent masses; 
temperature dependent frequencies;  and temperature dependent masses and frequencies differ 
from each other and from that of the system of consisting quantum linear harmonic oscillators, 
and hence, the system consisting of classical linear harmonic oscillators describes well the 
thermodynamic properties of the system consisting of quantum linear harmonic oscillators,  and, 
hence, solids. 
 
 
2. Quantum One-Dimensional Linear Harmonic Oscillator 
 
     The Hamilton operator quHˆ  of the one-dimensional linear harmonic oscillator is given by 
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where const   is the frequency of the oscillator,   constm    is the mass of the oscillator,  x  
is the position of the oscillator, xip  /ˆ   is the momentum operator,  i  is the imaginary 
unit and    is the Planck constant [5,6]. 
             The partition function quZ   of the quantum one-dimensional linear harmonic oscillator is 
defined by  
1
2
exp
2
exp
2

























kTkTkT
Zqu
 
,                                                                                  (2) 
where k  is the Boltzmann constant and  T  is the absolute temperature [1,5,6]. 
      The mean of the square displacements 2qu  of the position of the quantum one-dimensional 
harmonic oscillator from its mean position is given by the following relation [6]: 
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Fig. 1. Dependence of reduced square 
displacements  /2m   of the position of 
the one-dimensional harmonic oscillator 
from its mean position on reduced 
temperature /kT . Black solid upper line 
corresponds to Eq. 3, brown dashed-dotted 
upper line - to Eq. 4, brown dashed upper 
line - to Eq. 5. Blue solid lower line 
corresponds to Eq. 17, red dashed-dotted 
lower line - to Eq. 19, red dashed lower line 
- to Eq. 20. Black dashed straight line 
corresponds to Eqs. 21 and 28. 
 
 
    One can establish from Eq. 3 and Fig. 1 that 
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for 2/1/ kT , and  
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for 2/1/ kT .   
      Besides it is easy to see using Eq. 3 that  constm
T
qu 
 2/
0
2   and 22 /  mkT
T
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3. Classical One-Dimensional Linear Harmonic Oscillator Having Temperature Dependent 
Parameters 
 
     Model 1. Let as consider the classical one-dimensional linear harmonic oscillator having a 
temperature dependent frequency )(Tcl  and the following Hamilton function ),( xpHcl   
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where p  is the momentum of the oscillator. The partition function clZ  of the classical oscillator, 
defined from the following relation [2] 
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is given by the following relation  
)(/ TkTZ clcl   .                                                                                                                        (8) 
      Using the equality qucl ZZ  ,  Eqs. 2 and 8 we can conclude that the partition functions of the 
one-dimensional quantum and classical linear harmonic oscillators are equal to each other if the 
frequency of the classical oscillator is defined from the following relation 




















kTkT
kTTcl
2
exp
2
exp
)( 



 .                                                                                 (9) 
     One can establish from Eq. 9 and Fig. 2 that  
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for 2/1/ kT , and  
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for 4/1/ kT . 
    The density )(xcl  of the distribution of the position of the classical one-dimensional linear 
harmonic oscillator is given by   
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   We have from Eqs.  9 and 12  
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Fig. 2. Dependence of reduced frequency 
/cl  of classical one-dimensional 
harmonic oscillator on reduced temperature 
/kT . Blue solid line corresponds to Eq. 
9, red dashed-dotted line - to Eq. 10, red 
dashed line - to Eq. 11. 
 
 
    The mean   )( clx   of  an arbitrary function )(x  of the position x  is defined by 
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     Using Eq. 14 it is easy to obtain  
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and 
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or 
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for the mean of the square displacements 2cl  of the position of the classical  one-dimensional 
harmonic oscillator from its  mean position which is defined by  
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    We can conclude using Eq. 17 and Fig. 1 that 
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for 2/1/ kT , and 
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for 4/1/ kT . 
   We can conclude from Eqs. 17, 19 and 20 and Fig. 1 that the mean square displacements  2cl  
of the position of the oscillator increases with increasing temperature, and 2cl  is extremely small 
at low temperatures. 
   One can conclude from Eqs. 9-11 and Fig. 2 that the frequency )(Tcl  of the oscillator 
decreases with increasing temperature, the frequency is extremely large at low temperatures, and 
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    Having known partition function one can define all thermodynamic properties of the oscillator 
[2]. So we showed that the classical one-dimensional linear harmonic oscillator having the 
temperature dependent frequency defined by Eq. 9 describes the thermodynamic properties of 
the quantum linear harmonic oscillator. 
     Model 2. Let us consider classical one-dimensional linear harmonic oscillator having a 
temperature dependent mass )(T  and the following Hamilton function  
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The partition function 2Z  of this oscillator is equal to  

kT
TgZ )(2  ,                                                                                                                            (23) 
where mTTg /)()(  . It is easy to see that quZZ 2  if  
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    So we showed that the classical one-dimensional linear harmonic oscillator having the 
temperature dependent mass defined by  
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can describe the thermodynamic properties of the quantum linear harmonic oscillator. 
    Using Eq. 25 and Fig. 3 we established that 
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for 1/ kT , and  













kTkTm
T  
exp
)(
2
                                                                                                         (27) 
for 4/1/ kT . 
   One can conclude from Eqs. 25-27 and Fig. 3 that the mass )(T  of the oscillator increases 
with increasing temperature, the mass is extremely small at low temperatures and mT
T


)( . 
     So we showed that the classical one-dimensional linear harmonic oscillator having the 
temperature dependent mass defined by Eq. 25 describes the thermodynamic properties of the 
quantum linear harmonic oscillator. 
     The mean of the square displacements 22  of the position of the classical one-dimensional 
linear harmonic oscillator from its mean position is given by 
2
2
2


m
kT
 .                                                                                                                                (28)     
                                                               
 
 
Fig. 3. Dependence of reduced mass m/  
of classical one-dimensional harmonic 
oscillator on reduced temperature /kT . 
Blue solid line corresponds to Eq. 25, red 
dashed-dotted line - to Eq. 26, red dashed 
line - to Eq. 27. 
 
 
     Model 3.  It is easy to see that the partition function of the classical one-dimensional linear 
harmonic oscillator having the temperature dependent mass )(T  and frequency )(Tcl  given 
by Eq. 9 and the following Hamiltonian   
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is equal to the partition function of the quantum one-dimensional harmonic oscillator (see Eq. 2). 
Here )(T  is an arbitrary positive function of temperature, and, particularly,  )()( TT   , 
where )(T  is defined by Eq. 25. 
         So we proved that the classical one-dimensional linear harmonic oscillator having the 
temperature dependent mass and frequency can describe the thermodynamic properties of the 
quantum linear harmonic oscillator. 
     The mean of the square displacements 23  of the position of the classical one-dimensional 
linear harmonic oscillator from its mean position is given by 
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    One can see from Eqs. 16, 28 and 30 that the means of the square displacements of the 
position of the oscillator from its mean position for the classical one-dimensional linear 
harmonic oscillator having: the temperature dependent mass; temperature dependent frequency; 
and the temperature dependent mass and frequency differ from each other. 
    The comparison of Eq. 3 with Eqs. 16, 28 and 30 shows that the means of the square 
displacements of the position of the oscillator from its mean position for the classical one-
dimensional oscillator having: the temperature dependent mass; temperature dependent 
frequency; and the temperature dependent mass and frequency differ from that of the quantum 
one-dimensional linear harmonic oscillator. 
    So we showed that the classical one-dimensional linear harmonic oscillator having the 
temperature dependent mass and/or frequency has the same partition function as the quantum 
linear harmonic oscillator having the temperature independent mass and frequency while the 
means of the square displacements of the position of the oscillator from its mean position for the 
classical linear harmonic oscillator having: the temperature dependent mass; the temperature 
dependent frequency;  and the temperature dependent mass and frequency differ from each other 
and from that of the system of quantum one-dimensional linear harmonic oscillator. Hence, the 
classical one-dimensional linear harmonic oscillator having temperature dependent mass or (and) 
frequency can describe all thermodynamic properties of the quantum one-dimensional linear 
harmonic oscillator. 
 
4. The System of Independent Quantum One-Dimensional Linear Harmonic Oscillators 
 
     Let us consider the system consisting of N atoms or molecules interacting with each other.  
The system has 63 N  independent linear harmonic vibrational modes at low temperatures [1].  
     The quantum Hamilton operator Hˆ  of the system consisting of independent one-dimensional 
linear harmonic oscillators is given by 
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where j  is the order number of the oscillator (vibrational mode), jx , jj xip  /ˆ  , j   and 
jm  are the position, momentum operator, frequency and mass of the j -th oscillator, respectively 
[1-6]. The partition function of the system consisting of independent linear harmonic oscillators 
is given by     
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where  kTZ jqu 2/  is given by Eq. 2 [1-6]. 
     Using Eq. 3 we obtain  
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for the mean of the square displacements 2qu  of the positions of the quantum one-dimensional 
linear harmonic oscillators from their mean positions which is defined by 



63
1
22
63
1 N
j
j
N
 , 
where 2j  is the mean of the square displacements of the position of the  j -th one-dimensional 
linear harmonic oscillator from its mean position. 
 
5. The System of Classical Independent One-Dimensional Linear Harmonic Oscillators 
Having Temperature Dependent Parameters 
 
   Model A.   Let us consider the system consisting of classical independent one-dimensional 
linear harmonic oscillators having a temperature dependent frequencies )(, Tjcl  and the 
following Hamilton function 
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jp  is the momentum of j -oscillator and )(, Tjcl  is given by  
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   Using Eq. 34-36 and the following relation for the partition function of the system consisting 
of classical independent linear harmonic oscillators [2] 
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that ZZ  , where Z  is given by Eq. 32.  
            Having known partition function one can define all thermodynamic properties of the 
system consisting of independent linear harmonic oscillators [2]. 
        So we proved that the system consisting of classical independent one-dimensional linear 
harmonic oscillators having the temperature dependent frequencies defined by Eqs. 36 describes 
the thermodynamic properties of the system consisting of quantum independent linear harmonic 
oscillators. 
  Using Eq. 16 we established the following relation  
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for the mean of the square displacements 2cl  of the positions of the classical one-dimensional 
linear harmonic oscillators from their mean positions.   
    Model B. This model represents the system consisting of classical independent one-
dimensional linear harmonic oscillators having a temperature dependent masses )(Tj  and the 
following Hamilton function 
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   It is easy to establish using Eqs. 37 and 39-41 that the partition function of the system 
consisting of the classical independent one-dimensional linear harmonic oscillators having the 
Hamilton function given by Eq. 39-41 is equal to that of the system consisting of the quantum 
independent one-dimensional linear harmonic oscillators given by Eq. 32. 
     So we showed that the system consisting of independent classical one-dimensional linear 
harmonic oscillators having the temperature dependent masses defined by Eqs. 41 describes the 
thermodynamic properties of the system consisting of independent quantum linear harmonic 
oscillators. 
       Using Eq. 28 we established the following relation  
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 for the mean of the square displacements 22  of the positions of the classical one-dimensional 
linear harmonic oscillators from their mean positions. 
     Model С. This model represents the system consisting of classical independent one-
dimensional linear harmonic oscillators having a temperature dependent masses )(Tj  and 
frequencies )(, Tjcl , which  has the following Hamilton function 
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)(, Tjcl  is given by Eq. 36  and )(Tj  is an arbitrary positive function of temperature. 
   Using Eqs. 36, 37, 43 and 44 one can easily show that the partition function of the system 
consisting of the classical independent one-dimensional linear harmonic oscillators having the 
Hamilton function given by Eqs. 36, 43 and 44 is equal to that of the system consisting of the 
quantum  independent one-dimensional linear harmonic oscillators given by Eq. 32. 
     So we showed that the system consisting of independent classical one-dimensional linear 
harmonic oscillators having the arbitrary temperature dependent masses and frequencies defined 
by Eqs. 36 describes the thermodynamic properties of the system consisting of independent 
quantum linear harmonic oscillators. 
       Using Eq. 30 we established the following relation  
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for the mean of the square displacements 23  of the positions of the classical one-dimensional 
linear harmonic oscillators from their mean positions. 
    Model D.   This model consists of 1N  classical independent one-dimensional linear harmonic  
oscillators with Hamilton function given by Eqs. 34-36, 2N  classical independent one-
dimensional linear harmonic oscillators with Hamilton function given by Eqs. 39-41, and 
2163 NNN   classical independent one-dimensional linear harmonic oscillators with 
Hamilton function given by Eqs. 43-44. Here 630 1  NN , 630 2  NN  and 
630 21  NNN . This system of oscillators has the following Hamilton function 
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   Using Eqs. 34-37, 39-41 and 43-44 one can easily show that the partition function of the 
system consisting of the classical independent one-dimensional linear harmonic oscillators 
having the Hamilton function given by Eq. 46 is equal to that of the system consisting of the 
quantum  independent one-dimensional linear harmonic oscillators given by Eq. 32. 
     So we showed that the system consisting of independent classical one-dimensional linear 
harmonic oscillators having arbitrary temperature dependent masses and frequencies and the 
Hamilton function given by Eq. 46 can describe the thermodynamic properties of the system 
consisting of independent quantum linear harmonic oscillators. 
       Using Eqs. 16, 28 and 30we obtain the following relation  
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for the mean of the square displacements 2  of the positions of the classical one-dimensional 
linear harmonic oscillators from their mean positions. 
    One can see from Eqs. 38, 42, 45 and 47 that the means of the square displacements of the 
positions of the oscillators from their mean positions for the system consisting of the classical 
one-dimensional linear harmonic oscillators having: the temperature dependent masses; 
temperature dependent frequencies; and temperature dependent masses and frequencies differ 
from each other. 
    Comparing Eq. 33 with Eqs. 38, 42, 45 and 47 we can conclude that the means of the square 
displacements of the positions of the oscillators from their mean positions for the system 
consisting of the classical independent one-dimensional linear harmonic oscillators having: the 
temperature dependent masses; temperature dependent frequencies; and temperature dependent 
masses and frequencies differ from that of the system consisting of the independent quantum 
linear harmonic oscillators. 
   So we showed that the system consisting of classical independent one-dimensional linear 
harmonic oscillators having temperature dependent masses and/or frequencies can describe all 
thermodynamic properties of the system consisting of quantum independent one-dimensional 
linear harmonic oscillators. The physical properties of solids are described well by the system 
consisting of quantum linear harmonic oscillators [1-6]. Hence, the system consisting of classical 
independent one-dimensional linear harmonic oscillators having temperature dependent masses 
and/or frequencies can describe all thermodynamic properties solids.  
 
6. Conclusions 
 
     So we showed that: 
 1. the classical one-dimensional linear harmonic oscillator having the temperature dependent 
mass or (and) frequency has the same partition function as the quantum linear harmonic 
oscillator having the temperature independent mass and frequency while the means of the square 
displacements of the position of the oscillator from its mean position for the classical linear 
harmonic oscillator having: the temperature dependent mass; temperature dependent frequency;  
and temperature dependent mass and frequency differ from each other and from that of the 
system of quantum one-dimensional linear harmonic oscillator. Hence, the classical one-
dimensional linear harmonic oscillator having the temperature dependent mass and/or frequency 
can describe all thermodynamic properties of the quantum one-dimensional linear harmonic 
oscillator; 
2. the system consisting of classical linear harmonic oscillators having the temperature 
dependent masses or (and) frequencies has the same partition function as the system consisting 
of quantum linear harmonic oscillators having the temperature independent masses and 
frequencies while the means of the square displacements of the positions of the oscillators from 
their mean positions for the system consisting of classical linear harmonic oscillators having: the 
temperature dependent masses; the temperature dependent frequencies;  and the temperature 
dependent masses and frequencies differ from each other and from that of the system consisting 
of quantum linear harmonic oscillators, and hence, the system consisting of classical linear 
harmonic oscillators describes well the thermodynamic properties of the system consisting of 
quantum linear harmonic oscillators,  and hence, solids. 
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